Dispersion curves are developed for elastic wave propagation in an anisotropic plate of monoclinic or higher symmetry. Emphasis is placed on analytic expressions for various features. Generalization of the isotropic Rayleigh-Lamb dispersion relations are derived for the cases of (a) propagation along a material symmetry axis and (b) propagation in a general direction. Examination of the high-frequency limit of the lowest symmetric and antisymmetric mode dispersion curves yields expressions for the half-space surface or Rayleigh wave velocity. It is shown that the dispersion curves for these modes can exhibit multiple crossings in approaching this limit, and an analytic solution is presented for the constant crossing interval that occurs for propagation along symmetry directions. The analytic results are illustrated by extensive numerical calculations for a variety of degrees of anisotropy with emphasis placed on the relationship between the slowness curves governing partial wave propagation and various features of the dispersion curves. Dispersion curves are developed for elastic wave propagation in an anisotropic plate of monoclinic or higher symmetry. Emphasis is placed on analytic expressions for various features. Generalizations of the isotropic Rayleigh-Lamb dispersion relations are derived for the cases of (a) propagation along a material symmetry axis and (b) propagation in a general direction. Examination of the high-frequency limit of the lowest symmetric and antisymmetric mode dispersion curves yields expressions for the half-space surface or Rayleigh wave velocity. It is shown that the dispersion curves for these modes can exhibit multiple crossings in approaching this limit, and an analytic solution is presented for the constant crossing interval that occurs for propagation along symmetry directions. The analytic results are illustrated by extensive numerical calculations for a variety of degrees of anisotropy with emphasis placed on the relationship between the slowness curves governing partial wave propagation and various features of the dispersion curves.
INTRODUCTION
In recent years, interest in elastic wave propagation in anisotropic media has been growing rapidly. Historically, most of the work has been concerned with plane waves in unbounded media1; relatively little attention has been given to elastic wave propagation in anisotropic plates. This is an important gap, for in the study of polycrystalline metals or composite materials, plate structures with various degrees of macroscopic anisotropy are often encountered. Understanding of wave propagation becomes very critical in the nondestructive evaluation of these plates or in the analysis of their dynamic vibrations. Similar problems are found to have relevance in seismology. This paper is intended to explore in detail a number of features of elastic wave propagation in anisotropic plates that are substantially different from the corresponding behavior in isotropic plates. Primary emphasis is placed on the case of plates with macroscopic orthotropic symmetry, although other cases are also considered. Extensive use is made of both the development of analytic formulae for special cases and the use of numerical examples to illustrate the richness of behavior possible.
Although investigations of wave propagation in free isotropic plates were first reported in 1917 2 and followed by extensive investigations, 3-5 the pioneering work on propagation of elastic waves in free anisotropic plates was conducted and published more than 50 years later by Solie and Auld. a In their paper, a general formalism was derived for computing dispersion relations for plates of arbitrary symmetry. Using an interactive program, which carried out all the computational steps numerically, dispersion curves were computed for wave propagation in a (001 ) cut cubic Cu plate at angles of 0, 5, 30, 40, and 45 deg from the [ 100] direction. These dispersion curves demonstrated the great differences between the anisotropic and isotropic cases. Many of the features were interpreted in terms of the dispersion that would be exhibited by uncoupled $V and L modes, a concept that had first been introduced by Mindlin for the isotropic case. 7
The uncoupled mode behavior was found in turn to be strongly influenced by the slowness curves for plane waves propagating in unbounded media. Other observations of Solie and Auld included the coupling of SH waves with quasi-L and quasi-SV waves for mode propagation in nonsymmetry directions. For mode propagation along symmetry axes, it was observed that a solution consisting of disturbances bound to the two surfaces of the plate existed as the highfrequency asymptotic limit of the lowest symmetric So and antisymmetric Ao modes. The wave speed in this limit could be either less (Rayleigh wave) or greater (pseudosurface wave) than that of an $H wave propagating in the same direction' the latter being a case explored in detail by Lim and Farnell 8 in their study of acoustic surface waves. Solie and Auld also noted the oscillatory fashion in which the So and Ao modes approached this limit in certain cases, in contrast to their monotonically decreasing separation in the isotropic case. The oscillations were attributed to the concavity of the quasishear slowness curves in the direction of propagation. New results presented in this paper show other possible causes that produce similar phenomena.
In the last few years, an increased interest has developed in the problem of guided wave propagation in anisotropic plates. Kosevich and Syrkin derived analytical dispersion relations for hexagonal plates of special orientations and studied some particular features of these dispersion curves. 9
Markus et al. analyzed wave propagation in an orthotropic plate with concentration on wave propagation in symmetry directions. iø They also noticed that So and Ao dispersion curves sometimes approach their asymptotic limit in an os-ciliatory manner. A spectrum of related works has also been reported in the literature. ll-18 At a recent conference, Nayfeh and Chimenti 19 presented studies of wave propagation in anisotropic plates with monoclinic symmetry, including analytical expressions for dispersion equations. At the same time, the present authors 2ø presented dispersion relations for orthotropic plates. The computations differed in detail (coordinate system either transformed to the propagation direc-/tion or aligned with material symmetry axes) and motivation (characterization of composites as opposed to textured metal polycrystals), but as would be expected, equivalent expressions for the dispersion curves were obtained.
In this paper, we report in detail and expand on our results, 2ø including their extension to monoclinic symmetry as motivated by the work of Nayfeh and Chimenti •9 (Sec. I). 
I. METHOD OF SOLUTION
The most frequently used method for analysis of wave propagation in an anisotropic medium is based on the "superposition of partial waves," wherein the final displacement solution is obtained through summation of plane wave solutions having common sinusoidal variations in the direction of propagation. The procedure for this method, which has been used in much of the prior work cited in the Introduction, is outlined in the remainder of this section. The detailed mathematics of equation derivations can be found in Appendix A.
Consider a homogeneous free plate possessing a symmetry plane that is parallel to its surfaces. In other words, the material is assumed to have at least monoclinic symmetry with the symmetry plane lying in the plane of the plate. If the plate normal direction is labeled as x3 and a Cartesian coordinate system is chosen as shown in Fig. 1, then (2) for wave propagation in an arbitrary direction. In Eq. (2), • is a unit vector along the '•" axis, nj•j is the particle displacement vector (not necessarily a unit vector), k is the wave propagation vector, Uis the displacement amplitude, and nj is the direction cosine of the displacement when nfij is a unit 
where b is the thickness of the plate. From Hooke's law, the total stress field can be expressed in terms of the partial wave displacement amplitude Up, oe = 1-6, which are scalar multipliers for the eigenvectors of the partial waves. Forcing the total stress field to satisfy Eq. (4) leads to six linear equations with a 6 X 6 coefficient matrix for Up.
For nontrivial solutions, the determinant of the coefficient matrix for Up must vanish. Because the plate material possesses a symmetry plane normal to the x3 direction, the solutions can always be separated into symmetric and antisymmetric types. By setting U1 = d-U2, U3 = d-U4, and U5 = d-U6 as needed to achieve these symmetries, There are two extra symmetry axes for cubic symmetric materials. In these situations, it will be advantageous to make elastic constant transformation first, then use equations presented in this section rather than those developed in the previous section. These results will not be explicitly presented in this paper. 
This form resembles, and for an isotropic medium reduces to, the well-known Rayleigh-Lamb wave dispersion equations.
C. Surface wave determination
The numerical studies that follow in Sec. II illustrate a number of interesting similarities and differences in the isotropic and anisotropic cases. Two of these have led to additional analytical studies. Appendix B considers in detail so- 
D. Crossing of So and Ao modes for propagation in symmetry directions
In the isotropic case, the lowest-order symmetric and antisymmetric Lamb wave dispersion curves asymptotically approach one another in the high-frequency limit, with the slope being the Rayleigh wave velocity. In anisotropic media, the modes may exhibit multiple crossings as they approach the surface wave limit. Appendix C shows that when the Rayleigh wave solution occurs under the conditions for which R2 and R 3 are complex conjugates, the So and .40 modes will have multiple crossings with the velocity of crossing points being the Rayleigh wave velocity. Also proved in Appendix C is that the spacing of these crossings is a constant, with the crossings occurring at k=n(•r/b) X x/g(Z), n = 1,2 .... , where g(Z) is defined in Eq. (C6).
II. NUMERICAL RESULTS
The equations of Sec. I have been used to numerically study a number of the features of the dispersion curves of anisotropic, free plates. As a basis of comparison, the wellknown behavior of guided modes in an isotropic medium is briefly reviewed. Throughout this section, the disperion curve plots will be given in terms of the dimensionless wave vector, (b/fr)k, and frequency co(b/fr)x/13/Ca6. Here k is defined to be the magnitude of the in-plane wave vector, k = x/k ] + k ]; the slowness curve plots will be given in dimensionless slownesses (k/co)x/Caa/P and (k3/co)x/Caa/P.
In all plots, VR, Vsw, and V•,sw stand for Rayleigh wave, surface wave, and pseudosurface wave velocities, respectively. Here, VR and V•,sw are used to describe propagation in symmetry directions with the term pseudosurface wave used to denote the case in which the velocity is greater than that of the lowest SH mode. Here, also, Vsw is used to describe propagation in nonsymmetry directions. Figure 2 (a) presents the dispersion curves for an isotropic polycrystalline plate of copper, characterized by elastic constants given in Table I In this convention, the index "0" is only used for a mode that propagates at all frequencies, i.e., has no cutoff frequency. Hence there is no mode designated HA o. The partial waves making up the guided mode solutions must satisfy the Christoffel equations, whose solutions are graphically illustrated by the slowness surfaces, shown in The importance of the partial wave solutions in determining the behavior of the dispersion curves was first noted by Mindlin 7 and reviewed by Meeker and Meitzler 3 and Auld. 5 At this point, it is worth recalling a few simple aspects of those discussions. Consider the case in which co is fixed and k increases from zero. The value of k 3 will generally decrease from a finite real value to zero and will then increase with a purely imaginary value. This sequence corresponds to the partial plane wave propagating in a direction that rotates from the x3 axis to the x• axis, followed by the development of an inhomogeneous (evanescent) partial wave solution in which the fields decay exponentially along the x3 axis. As this change in character of the partial wave solution from propagating to inhomogeneous has important consequences on the dispersion curves, Fig. 2(a) and (b) has been divided into three regions. As the boundaries are defined by particular values of k/co, they appear as vertical lines on the slowness plots and as lines emanating from the origin with different slopes on the dispersion curves.
A. Isotropic plates
In region 1, all partial waves are freely propagating. In region 2, the L waves become inhomogeneous with an exponential decay in the thickness direction. In region 3, both L and $ solutions are inhomogeneous.
Four classes of special behavior, intimately related to the different wave propagation characteristics in these regions, are found for the isotropic media. These special behaviors are discussed in the following paragraphs. The changes induced by anisotropy will then be the topic of the remainder of the paper.
Three mode crossing points in region 1
In region 1, a series of points are found at which three modes, a symmetric Lamb, an antisymmetric Lamb, and a horizontally polarized shear mode, mutually intersect. The reason for these triple crossings may be understood from a review of Lamb wave phenomena by Meeker and Meitzler, 3 who made heavy use of an earlier analysis by Mindlin. 7 While seeking analytical guidance for the construction of dispersion curves, Mindlin considered the behavior of longitudinal and vertically polarized shear partial waves under the assumption that they were not coupled at the stress-free surfaces. The result was a set of hyperbolic dispersion curves characterized by ordering parametersp (longitudinal) and q (shear). Mindlin observed that, if these hypothetical dispersion curves crossed for bothp and q even or bothp and q odd, then the true dispersion curves would pass through the same point. It is a trivial extension to note that, since the dispersion curves of SH modes are the same as those for uncoupled $V modes, three modes will cross at each intersection.
Two mode crossings at region 1-2 boundary
Along the boundary between regions 1 and 2, co/k = VL, the modes Sn and HSn always cross. The reason for this crossing is as follows. Consider first the S, mode. In general, it will be the sum of two partial longitudinal waves inclined at angles ñ sin- 
Asymptotic limit in region 3
Only two modes are found in region 3. The Ao mode lies in this region for all frequencies, while the So mode passes into this region. Because both partial waves are inhomogeneous in region 3, the modes take the form of symmetric and antisymmetric combinations of solutions localized near the plate surface. The So and Ao mode dispersion curves do not cross each other. Instead, co/k asymptotically approaches the Rayleigh velocity, VR, for each. The displacement fields approach symmetric or antisymmetric combinations of Rayleigh waves on the two plate surfaces in this high-frequency limit.
B. Anisotropic plates
In order to better understand the effects of anisotropy on these and other features of guided wave propagation, we have computed the dispersion curves and corresponding slowness surfaces for a variety of materials and propagation directions. The materials chosen for study were modeled as copper polycrystals. The elastic constants used, as shown in Table I sites. Here "ISO" refers to the previously discussed isotropic example, "WA" is an example with relatively weak anisotropy, and "SA," "SB," and "SC" are three examples with relatively strong anisotropy. The case of"AL" corresponding to a single crystal of aluminum, rather than polycrystalline copper, was added to illustrate weak anisotropy with cubic symmetry. Table III lists We have found that for a fixed to, the sequence through which the pair of roots passes as k increases falls in three (Figs. 10 and 11 ) . In all cases, regions 1 and 2 have a similar character to that exhibited in isotropic media. However, examination of the dispersion curves show that the three mode crossing points in region 1, the two mode crossing points on the region 1-2 boundary, and the mode tangencies in region 2 no longer occur. This is not surprising since the analytical arguments that were previously presented supporting the existence of these special points depended in detail on the iso-co•p/C66 As noted by Solie and Auld, 6 this would appear to be the anisotropic generalization of Mindlin's arguments. 7 If one wrote the anisotropic generalization of the dispersion curves for decoupled QL and QSV partial waves, it would be found that the crossings of the decoupled dispersion curves correspond to those of the Sn and An modes. However, all these must occur in region 1 where the QL partial waves are freely propagating. One exception associated with the multivalued regions of the QSV partial waves will be discussed later. In distinction to the tangency of the isotropic case, the SH modes generally cross the Lamb modes in region 2. Class I response is observed in both weakly and strongly anisotropic materials (Figs. 10 and 11 ) another in the high-frequency limit, each consisting of combinations of surface wave solutions on the two plate surfaces. The velocity in this surface wave limit may be either greater (Fig. 11 ) or less (Fig. 10) than the lowest SH modes. The strong influence of the slowness curves is particularly noticeable in Fig. 10 . Note the near-vertical segment of the QL slowness curve, which implies that partial waves will have group velocities nearly parallel to the x• axis and of magnitude close to the reciprocal of the projected intercept of the slowness curve with the abscissa. 5 Recalling that the group velocity of a guided mode is given by Vg = dco/dk, the tendency of the Sn and A n modes to be tangent to the line dividing regions 1 and 2 is consistent with the notion that the Lamb mode group velocities are also close to this value. Class III response is only observed in some strongly anisotropic materials (Figs. 7 and 8) . The multivalued QSV slowness curves and associated complexities lead to dramat- This phenomenon has been observed for both strongly and weakly anisotropic plates in all three classes (Figs. 4, 8, 9 , and 11 ). Table IV 
Propagation in a general direction
When considering propagation in a general direction, pure $H solutions do not generally exist. None of the partial waves has pure polarizations (parallel or perpendicular to the propagation direction), and all are coupled by the boundary conditions. If one imagines propagation at an angle slightly removed from a symmetry axis, the S, and HS, become coupled to form a set of symmetric modes, while the A, and HA, modes become coupled to form a set ofantisymmetric modes. When the anisotropy is small or propagation is near a symmetry direction, the plate modes can be identified as having quasi-SH or Lamb character. In other cases, this identification is often not possible. The slowness plots can again be characterized according to the sequence of roots, with strong implications on the form of dispersion curves. However, now the behavior of all three roots must be considered in the analysis. In class NI, the general form of the isotropic response is followed with the sequence RRR-RRI-RII-III.
Here, the prefix N has been added to the previous classification to indicate propagation along a nonsymmetry direction. In one deviation, two of the imaginary segments will intercept, leading to class NII, which has region sequence RRR-RRI-RII-III-ICC. The class NI response (Fig. 12) is again a variant of the isotropic behavior. However, there are now only two sets of modes: the symmetric S, modes can be thought of as the combination of quasi-S, and quasi-HS, modes, while the antisymmetric A, modes can be thought of as the combination of quasi-A, and quasi-HA, modes. Along symmetry directions, the S, and HS, modes were decoupled (as were the A, and HA, ) and could cross. This is not so for propagation in nonsymmetry directions, and a number of cases of mode repulsion is observed. Near these repulsions, a mode may change rapidly from quasi-Lamb to quasi-SH character or vice versa. The quasi-transverse slowness curves, which crossed at 0 ø, are now coupled and hence repel. Thus the partial wave polarization rapidly changes in this region.
In another deviation (class NIII
Class NII behavior is exhibited in Fig. 13 Because the coupling of the three partial waves in each plate mode makes it impossible to differentiate SH and Lamb modes, mode crossings may be found throughout the dispersion curves in the general propagation direction in any of these classes. As for propagation along symmetry directions, special features depending on isotropy no longer exist. The surface wave solution is always found in a region in which all roots have an imaginary component. In class NI, the Ao and So modes asymptotically approach this limit. In the class NII response shown in Fig. 13 , the surface wave solution fell in a region with purely imaging solutions for k 3 and no mode crossing was observed. In class NIII response, mode crossings are observed as the surface wave limit is approached, which is in a region with ICC roots. However, the interval between crossings is not equal, and crossings do not fall on a straight line.
Because of these complexities, explicit formulae for surface wave velocity computations have not been obtained. However, the implicit analytic formulae given in Appendix B are still valid and the solution for the surface wave can be found in the ICC region. Although sometimes difficult to see, particularly for strong anisotropy, the surface wave velocity is still the asymptotic limit of the Ao and So modes. Table V lists the characteristics of the examples discussed in this section.
III. CONCLUSIONS ,
We have developed a set of dispersion equations for elastic wave propagation in a general monoclinic free plate.
These equations are consistent with and, when the anistropy vanishes, reducible to the well-known Rayleigh-Lamb dispersion equations. As a byproduct, we have also derived equations for the computation of the surface wave speed. Through some representative numerical examples having different degrees of anisotropy, we have demonstrated the deviation of dispersion behavior for general orthotropic free plates from the isotropic one. We have predicted that, for wave propagating in a symmetry direction, So and Ao will cross each other infinitely many times if the Rayleigh wave occurs in the all._complex_eigenvalue region. Furthermore, we have proved that, for wave propagating in a symmetry direction, when So and Ao cross each other, the crossing points are equally spaced, and the phase velocities of all crossing points are identical to that of the Rayleigh wave. Needless to say, the dispersion relations for anisotropic plates are significantly more complicated than those for iso- 
